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IV.  On the Second Approximation to the * Oseen” Solution for the Motion of
Vascous Fluid.

By L. N. G. Fiwo~n, M.4., D.Sc., F.R.S., Goldsmid Professor of Applied Mathematics
and Mechanics in the Unwversity of London.

Received September 2, 1927,—Read December 8, 1927.

§ 1. Statement of the Problem.

IN a recent paper* the author obtained expressions for the forces on a stationary cylinder
in a steady stream of incompressible viscous fluid and showed that the force transverse
to the stream follows the well-known Kutta-Joukowski law, whereas the force in the
direction of the stream itself is given by a similar law, involving, instead of the circulation,
an outward radial flow, compensated by an intake along a “ tail ” behind the cylinder.

These results were obtained by considering the motion at a distance from the cylinder,
and assuming that the velocities of disturbance from the uniform stream were so small
that, at a sufficient distance, their squares and products could be neglected both in
the equations of motion and in the integrals round a circle of large radius, in terms of
which the forces on the cylinder were expressed.

The equations of motion, for steady motion, were substantially the same (though
put into a somewhat different form) as those derived by OsEENT for motion symmetrical
about an axis and modified by Lams] to suit the two-dimensional case. More recently,
H. Faxen| has dealt with the same equations and their solution, and his results confirm
those obtained previously by the author.

In the paper referred to the author attempted, in § 9, to make some sort of estimate
of the effect of the terms neglected. The method used was necessarily very imperfect,
but a complete discussion of the second approximation would have involved considerable
work and had to be postponed.

The main object of the present paper was to undertake a fuller investigation of the
second order approximation, when the terms of second order in the velocities of
disturbance are neglected neither in the equations of motion nor in the integrals
giving the forces.

This fuller investigation was also made necessary by an attempt to obtain the torque,
as well as the forces, on the cylinder. It appeared that terms of the second degree must

* ¢ The Forces on a Cylinder in a Stream of Viscous Fluid,” ‘ Roy. Soc. Proc.,” A, vol. 113, pp. 7-27 (1926)

T ¢ Arkiv for Matematik,” vol. 6, No. 29 (1910).

1 “ Hydrodynamics ’ (4th Ed.), § 343.

| < Exakte Losung der Oseenchen Differentialgleichungen einer Zihen Fliissigkeit fiir den Fall der Trans-
lationsbewegung eines Zylinders,” * Nova Acta R. Soc. Sci., Upsala * (1927).

VOL. CCXXVII—A 650. 0 [Published,Marc.h 2, 1928,
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94 PROF. L. N. G. FILON ON THE SECOND APPROXIMATION TO

be retained in the torque, even when we retain only terms of the first order in the solution
of the equations, and it became essential to discover whether, if terms of the second order
were retained in the solution of the equations, such terms would affect the value of the
torque.

§ 2. Brief Summary of Method and Results.

The method adopted for solving the equations was the standard one, to substitute
the approximate (first order) solution in the terms of second order in the equations ;
from this the unknowns may be obtained. This is done in §§ 4-11 of the present paper.
The work is complicated by the necessity of satisfying certain conditions of continuity
and one-valuedness.

The general solution of the equations of motion of the liquid having been obtained,
exact expressions for the forces and torque are written down, in terms of integrals round
a circle of very large radius, enclosing the cylinder. The contributions of the terms of
the various orders to the forces and torque respectively are then examined in detail.
It is found that the expressions for the forces, obtained in the paper referred to, still
hold good, although the method of dealing with the terms neglected, attempted in that
paper, turns out not to have been really valid, on account of the rise in importance of
some second order terms on integration.

In the case of the torque, however, a very remarkable result emerges. One of the
second order terms is found to lead to an integral which, instead of vanishing or tending
to a finite limit when the radius R of the circle of integration is made infinite, actually
becomes large of the order log R, a result which is clearly physically impossible, since
the torque must have a definite finite value.

An alternative method of solution for this particular term is found to confirm the
result.

It seems unlikely that terms of higher order can possibly cancel this term out, for
the solution involves an infinite number of arbitrary constants, and it is difficult to
see how algebraic expressions of the third and higher degrees in these can possibly cancel
an expression of the second degree for all possible values of the constants.

Only two conclusions appear possible.

Owing to the difficulty in dealing with non-linear forms it has not here been possible,
as was done in the previous paper, to deal with motion which is steady only on the
average. The equations have therefore dealt throughout with rigorously steady motion.

It may be that such rigorously steady motion is impossible, in which case we should
have met a difficulty analogous to Stoxrs’ well-known paradox in the case of two-
dimensional slow motion. '

It has, however, been found that if we actually modify the equations suitably (e.g.,
in the Oseen manner) SToxEs’ paradox disappears, so far as the forces are concerned.
There appears no reason to suppose that the present paradox cannot be removed in an
analogous manner, '
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This brings us to the alternative conclusion, namely, that even the Oseen form of the
equations is unsuitable as a first approximation, upon which to base further developments,
but that successive approximations should be based upon a different form.

An analogy from the Lunar Theory suggests itself. It is well known that, in this
theory, the ordinary Keplerian ellipse cannot be used as the basis of successive approxim-
ations, but the first approximation which has to be substituted into the equations must
take account of the motion of the lunar perigee, that is, must be a rotating Keplerian
ellipse.

It is suggested that something of the same kind occurs in these hydrodynamic
equations. :

Looking at the matter from this point of view, it does not necessarily invalidate the
Oseen type of solution, as giving an approximate picture of what really occurs, precisely
as the Keplerian ellipse will give, for one revolution, a fair representation of the moon’s
motion.

All that is here shown is that such solutions cannot be used as the basis of further
developments on the normal lines of successive approximations.

Finally, a type of equation is suggested which might afford such a basis. The equation
is linear, but belongs to a class which does not seem to have been studied in detail.

§ 3. Notation and Recapitulation of Previous Results.

For brevity of reference the author’s previous paper on the same subject (‘ Roy. Soc.
Proc.,” A, vol. 118, pp. 7-27 (1926) ) will be referred to as ““ Forces.” '

The fluid is taken throughout as incompressible.

The axes Oz, Oy of co-ordinates are taken parallel and perpendicular to the stream,
the origin being anywhere in or near the cylindrical obstacle.

The resolutes of total velocity are denoted as usual by » and v; «' and ¢ are the
velocities of disturbance, so that, if U is the stream-velocity at infinity ’

u=U-+u)

=1

Suffixes » and 6 are used to denote velocity resolutes in the radial and cross-radial
directions ; so that (u,, u,) and (w,, w,’) are the radial and cross-radial resolutes of
(u, v) and (u’, v'), respectively. ’ ’

¢ and Q denote the vorticity and total head respectively, so that

_ (v _ou |
2¢ = <8x 8y>’ .............. (3.02)
Q=Lro+1@+w), .. ... .. ... (3.03)
P
o 2
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p being the pressure, p the density and Q the body force potential. If IT is the
hydrostatic pressure in the undisturbed stream,

A ... (3.08)

The equations of steady motion may be written in the form

0Q 5, 08 _ |
_65 —{ 2v a?/ = 2’UC, ............ . (3.06)
0Q o o
-a—?-/- — 2v —-—ax = QMC, ........... (3.07)

and, since II/p - Q = const., these may be written in the form

oQ’ L' ot '
B T (3.1)
Q. ot b ot

o 2ve2 42Ul = — . ... L. (32

In addition, we have a stream tunction ¢, derived from the equation of continuity

ou’
o

o'

+3,=

We now write
’
w = Uy + Uy + U
4
v =10 + v + 0y,
where
(uq, o) refer to a purely irrotational motion ;

(uy, vy) refer to the rotational motion such that w, + u,, v, 4 v, satisfy equations
(3.1), (3.2) with the right-hand sides put equal to zero. These will be referred to
as the first order solutions.

(g, v,) refer to the motion which has to be superimposed upon (v, + %, v, + v;) to
satisfy equations (3.1), (3.2), when the values derived from w, + u;, v, + v, are
substituted into the product terms on the right-hand side. These will be referred
to as the second order solutions.

o> 1> Lo are the vorticities derived from the above, so that ¢, = 0.
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Similarly, we can break up Q' into the form Q, + Q, + Q,, where, from (3 1), (3.2), we
obtain

Qo oQo 1
Y =0, By (8.31)
aQ] . 0% aQ1 0% |
S + 2v _ay = O,v -—-——ay — 2v b +2U¢ =0, .. . . . . (332

Drafaop ), oSt = — 2t WG, (359)

so that Q, = const.
The corresponding stream functions ¢,, ¢,, ¢,, satisfy the following equations

<%mcev—%p u:—-@i’)

oy
qulo = U o s 0 s e e e e e e e e e e (3.41)
VR, =20 . e (3.42)
VRl =200 o e (3.43)

Eliminating Q, and Q,, equations (3.32) and (3.33) lead to the follovﬁng equations for
the vorticities

vy, —Udg/oe=0. . . . . . . ... e e (3.52)
VY — UGy fon = 2 (o w) G+ 2 (0o )T, o (359
— (g + ) 52+ (00 -+ vl)acl L. (3.531)

in virtue of the equation of continuity.
The solution of equations (3.42) and (3.52) is given in “ Forces ” and the velocities -
are found to be of the form*

uoz_:_;00§6+do 6+0100326;2|—dlsm20+2(ogcos36;—d2sm36)+m)
ino d in26 —d 0 , 2(cysin30—d 6) L’(3'6)

. — %Sm0 dy ¢;sm26 —d, cos 2 2 (cy 811360 — dy cos 3 |

Vg R ¢cos6—l— > -+ o —I—...)
=" % [a,(C 4+ Copd) + 0 (8, +8)], - - - (3.71)
) U = 677?:: 0[“7; (Sn+1‘ - Sn) + bn (On - Cn+1)]’ """ (3'72)

* The notation has been slightly changed. Thus the constants here called a,, b, are denoted by — B,,
o, in “ Forces,” what is here called o, is called — §, in “ Forces,” and the constants Cy, 4, are termed
— B,/x%, A,/k? respectively. From equs;tions (59), (60) and (46) of ““ Forces ” and the changes of notation
here given, equations (3.6), (3.71) and (3.72) are easily deduced.
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98 PROF. L. N. G. FILON ON THE SECOND APPROXIMATION TO

where C, = K, (2) cos 0, S, =K, (2) sinn0, and 2z = «r, where x = U/2v, and K, is
the Bessel function of the second class with imaginary argument.

The constants a,, b,, ¢,, d, are entirely arbitrary, but owing to certain conditions of
one-valuedness satisfied by the stream function, the constant «, is related to the other
constants of the solution by the relation
=3 a,

n=0

The vorticity ¢, is given by
Cl = K’Ul == Ckx ”Z= O[Cln (Sn_|_1 - Sn) + bn (Cn - On+1)]° e e (3-73)

-

Equations (30) of “ Forces ”’ give certain formule which will be found useful in the
reductions, namely,

(0Cfom) = — 3 (Cocy + Cosa)s  « « o o o o . . (3.81)
(3C,/9) = L (Spei—Sure)s - - oo (3.82)
(88,/07) = — 3 (Boct -+ Supa)s .« - . . . . . . (3.83)
(88,/09) = — 1k (Coy — Cosa)e  + o o o o o o (3.84)

§ 4. Transformation to Parabolic Co-Ordinates.
If we bear in mind that when r is large, K, («7) approximates to the value
e (m [2xr)},

it is clear that the right-hand side of (3.531) will contain factors e*©“~" and €*©“~", and
in order to ascertain the correct order of magnitudes of terms, arranging merely by
powers of r is inadequate, since these exponential factors exercise a dominating effect.
Further, since exp. {« (x — )} = exp. {— 2«r sin?40}, it is clear that, when r is large,
this factor practically annihilates everything it multiplies, unless 6 is of order less
than 1/4/r. It willappear, as a consequence of this, that the form of an expression in 6
will exert a very material influence on its order of magnitude, 6 having to be reckoned
as small of the order 1/4/7: similar considerations apply to the differential d6. It is
largely on account of neglect of this consideration that the argumentin §9 of ““ Forces” is
inadequate.

Tn order to disentangle properly the orders of the terms, it was found desirable to
express the exponential factors solely in terms of one co-ordinate.

Curvilinear co-ordinates were therefore employed in the solution, defined as follows :—

Edin=24k(@+igt . . . . . ... ... (4.0)
so that ’
E=2tcosdb, . . . ... ... ... (4.11)
n=2%sing6, . . ... ... .. (4.12)
and z=1(E 4, 0=2 tan_l(g> e e e e (4.18)
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We have also
rFe=82 . ... ... ... .. (4.21)
r—x=m2, . . ... ... ... (4.22)

so that the exponential factors in question take the form e™#", e,
In order to cover the plane a convention has to be introduced as to the ranges of &
and . We shall take
<<,

— o << 4 oo,

This will necessitate investigation of what happens when & = 0, when discontinuities
would generally be introduced. As, however, we shall deal solely with the region far
away from the origin, £ cannot be zero without » being large, and, save in exceptional
cases which will be discussed, the exponential factors will of themselves ensure that all
continuity conditions are satisfied. In fact, the right-hand sides of equation (3.531) will
only be sensible in the ““ tail ”” behind the obstacle, Where £ will be very large and » will
usually be finite. It is only in the process of adjusting discontinuities in this tail that
solutions which remain finite elsewhere may make their appearance.

The transformations of the space-differential coefficients are put down here for
reference.

0/dx = (2r) " [EDf0E —mofon], . . . . . . ... (4.31)
)y = (21) 1[0 3ok +E3/am], . . . . . L (4.32)
ofor =(2r) ' [E0/0E +mofem], . . . . .. ... (4.33)
3frof = (21 [— 7 dJOE +EJm] . . . . . . .. (4.34)

When the equations (3.43), (3.531) are transformed to these co-ordinates in the usual
manner, they are found to become

vir V28 — & 085 /08 4 m 08, /o] = (up - “1) 0%, /0 - (v + ;) 0% /oy, (4.4)
)TV, =28, . . . L L (4.5)

where ‘
Ve, 2= 0202 4 0*om2 . . . . . . . ... .. (4.6)

§ 5. Approzimations for (uo + uy) 9% [0z + (v + o) 0%, [0y.

Using the asymptotic expansion for K, (2), namely,

_a/= 4n? —1 | (4n — 12) (4n® — 3?)
K. (2) — ¢ ,\/zz[u— e T e +] . (5.0)
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we obtain, after some fairly long but straightforward reductions, the following
approximate expressions when £ is large compared with o :—

e. C, = V2n S ={2m —1) — 272 (2 4 1)

1 2(n —3) (n* —9) —42 (0 — P (»* + 7 |, (5.11)
& { + 1 (4nt - 1402 - 9) }

£2
{(4%2 — 1) (4n® — 9) 0 /4 — (4n® 4 11) (4n® — 1)y 3/61
& + (16n* + 120m2 + 89) 75/60

(5.12)

if we neglect powers of 1/£ greater than the sixth.
Applying equations (3.81) to (3.84) we obtain

-@El = ¢ 2 {, (Sp41 —

oz Sn) + bn (Cn _ On+1)}

Sn+1 —I— Sn - Sn—l) + bn (Cn—l - On + Cn+1 _

Cw+2) + bn (Sn+1 - Sn-l-z -

— ke T {ay (Spr2 — Cni2)}, (5.13)

U 1S {4, (C; — Si1 +8.)}. (5.14)

Cn——l + On—}—l -
Substituting into these from (5.11) and (5.12) we have

LN e [-g— (473

= = — 123) +%(4n4 — 2472 - 12)], .. (5.21)

o¢ — 1
'é}/l—K\/Qﬂe’ [OLO(&:; )‘{‘24(127)“—47))]
where

In the above only the two most important terms in 1/£ have been retained in each case.
Treating , + %, and v, + v, in the same manner, we derive the approximate
expressions

oty = — 20 L L ‘_/;2.1‘@~n'/2 [?%‘2 +2_§;2J ......... (5.31)
—_n2
Vo + vy = —463‘;" S:QZ’ + \/KZ’T o [22;’7’ 2p u&"’ 1 )], .. (5.32)

whence, finally, denoting for shortness the expression

(uo + uy) 8C1/am + (vo + vy) 82;1/8'%7
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by R, we arrive at the result
R=Ry(m).8°+Ry(m) . 87°% . . ... ... (5.40)

R,=L, (1 —u)e™+Mune™, . .. ..... (5.41)

where

Ry =T, (n + %) e+ My ¢80 — 0*) + No (1 —29%) €7, . . (5.42)

Ly, My, Ly, M,, N, being constants given by the equations
Ll == — 16 '\/%aodok2, ‘ Ml - — 3275“029' }

_ - (5.43)
L, =16 V2rog?, M, = —16 V2rpdy?, N, = 32m«,p

§ 6. The Integration of the Equation for §y — xv,.
The equation (3.531) may be written

: v (V2 — 2k 0/0x) ¢, = R,
or, using (3.43),
v (V2 — 2k 9/0z) V2{, = 2R.
The two differential operators are clearly interchangeable, so that we may write the
above '

w2, (\724;2~ 2uc %%f) = 2R,

or
wW2 . (L —wv)=R. . .. .00 (6.0)

We proceed to obtain first of all the solution of this equation in the form
2&2 - 2K?)2 == Z,
the equation for ¢, then becoming

20, — 2, %2
Vi, — 2 S /7 (6.1)

We note incidentally that all we require is to obtain (subject to the conditions of con-
tinuity) particular integrals of the above equations ; for it is clear that any solutions of
the equation
a N\
v2<v2——2,<555/)¢:0 |

are included in ¢, and ¢,, the most general solutions of which (satisfying the conditions
of continuity) have already been obtained. ‘

For our present purpose it will be sufficient to restrict R to its leading term ; the terms
arising from the second term are found to be negligible in comparison. We thus obtain

the approximate equation
VR (€ — kvg) = By (1) /€5,

VOL. CCXXVIL—A, P


http://rsta.royalsocietypublishing.org/

A A

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A A

I

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

102 PROF. L. N. G. FILON ON THE SECOND APPROXIMATION TO

or, to the same approximation,

’ — —n*/2 —=1°
V,2 (ng__ng)zz_lﬁ{lu (1 "’2)23 A Mne™} L (62)

Assume for 2, — 2«v, a solution in descending powers of &

22;2—2,«@2=z=z3g§’7)+z429)+ AT (6.3)

Substituting and eqﬁating coefficients of 1 /&3

Pl — (Lafel) (1 — ) o~ + (V) 76,
leading to _
Zy = — (Ly ) e 4—(M1/2KU)j . (6.4)

This make Z, exponentia,lly small when # is large and positive, but if 4 is large and
negative it gives o '
' Zs = (M, V= [2<U),

leading to {, — v, of order 1/r32, and not exponentially small.
Let us now denote by E () a function defined as follows :—

E(x)zre"xada; if w>0\}\

E(x)=j'°°e-x’dx it x<0j(
Then E (z) has a discontinuity from — % v/ to -- 4 v/= when passing through zero, but
dE (z)/dr = ~- ¢~ and is entirely continuous. K (2) is clearly an odd function.

If we then write
Ty = — (LfeU) 4 M 20 B (), (6.6)

Z, is throughout exponentially small when v is large, either positively or negatively.
On the other hand, we have introduced into Z; a discontinuity when n = 0, which will
have to be taken into account.

§ 7. The Integration for .

Before discussing further thediscontinuity introduced into the - M —term, it will be
convenient to carry out the integration of equation (6.1).
This equation, when transformed to the parabohc co-ordinates &, n, takes the form

K [9u2ba — £ 3908 + 1 04afon] = L[ +
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or, to the approximation used,

Vit — 234»2/8& Fn0befon = L[4l 4. L (7.01)
bo=WyfE ... ... e (102)

the equation satisfied by ¥, is found to be

Assuming

2
TR+t =t (7.08)

The left-hand side being a perfect differential coefficient as it stands, the equation is
solved by the usual process and the solution is found to be

lP’l — e~ /2 j. enl? {j (Z3/4K2) d,,)} d")-

Substituting for Z; from (6.6) we note that

je‘"a’zdn = —4/2E <\—}§>, .......... (7.1)
jE () dn = B() —de o 7.2)

and, further, ‘
.[6"2’2 (B () — e ) dn = ,[Vl " B (n) dn — %je—"*lz dn

= ¢ K (n) — [6””’2 E' (n)dn — %je“""zdn

= ¢ () + %Je""glz dq, . . . ... (7.3)

and, since we only require particular integrals, we may, in such integrals as we wish,
make the limits 0 and 4. Thus

¥y = (Lv2/a D) e o (2 by 4 O, 3o V)| B o) + 3o [l an |, (19
and '

. o [ [
Yo = (Ly 1/2/4<3UE) e /2.06 2 g \\/2> dn

+ (M, /83 UE) [E (n) + Ler? L e dn] ...... (7.5)

It may be shown that when 7 is large, E (v/4/2) approximates to e="2/(1/2y), so that
[ . e”* & (1//2) dn approximates to (log+)/1/2 numerically. Hence the term multiplied

by L, in (7.5) tends to become small exponentially. The same is readily seen to be
true of the term multiplied by M,.

P2
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In ¢, itself the M,-term is the only one which introduces a discontinuity. This
discontinuity is from — M; /7 /16<3UE to -+ M, v/ /16«*U% when  increases through 0.

In =22 84;2 , however, the M,-term introduces no discontinuity, but the L;-term contains
Gh

a part
L v/2. B (n/4/2)/4x*UE,

and this involves a discontinuity from — L; 1/2x/8:UE to + I, 4/2r [8x*UE when 7
increases through 0.

In order to remove these discontinuities, “ complementary function ”* solutions have
to be introduced, so as to reduce our particular integrals to a suitable form. These com-
plementary function solutions are of the types which have been denoted by suffixes 0
and 1, but have been excluded from the solutions given under these heads, because of these
very discontinuities which they involve.

§ 8. The Removal of the Discontinuity wn the M,-Term.

We begin with the M,-term, as the work is rather easier and the principles involved
will appear more clearly.
If we consider an irrotational stream function of the type

¢ = A (cos § 0)/r,

where 0 is allowed to run from 0 to 2, it appears that ($),_, = A /r* = 24/« A [E approxi-
mately, whereas (¢);_., = — 2 /xA /¢ approximately. |

If we make A = M; V/=/32«"*U, these discontinuities are identical with those in the
M, -term of 4;2, previously found. It is easily verified that there is no discontinuity in

oy

gq), and therefore n P and further, that there exists a discontinuity in 2{ — 2«v, v.e.,
in — 2«v, of which the value is <A cos 30/#*%. 'This latter discontinuity is from
— BAK2[E3 to - BAKP2/E3,
or, putting in the value of A just found, from
— M; V7 /4 U to . -+ M, v/x /4 UES,

and this is exactly the discontinuity which we have found in the M,-term of 2¢, — 2xv,.
Thus the discontinuities noted will be removed if we subtract such a solution from the
one already found.

It is necessary, however, to make certain that the conditions of continuity are com-
pletely satisfied. Now these conditions, in a viscous fluid, involve not only the continuity
of the velocity resolutes, but that of the stresses.
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The latter are given by the equations—

= —pt2d ]

- 5 v

yy——-‘p+295§ e e e e e e e e (8.0)
(B

xyuu<8y+aw> J

p being the hydrostatic pressure. We can take the line of discontinuity to be (as it
actually is in this case) the axis of z.

From the continuity of ¢ and % follow the continuity of » and v, and therefore of

%% and 2. From the continuity of v and of 2¢ — 2«w, follows the continuity of 2¢.

o M

From the continuity of 2¢ and of g—g follows (from the defining equation for {) the

. aﬂ L ou . o0u , ov __
coxitmmty of ot And from the continuity of = g,nd the equation P + 3y 0
follows the continuity of %;-/) .

Finally, if we refer to the equations (3.06) and (3.07), provided 3¢ /dy is also continuous,
both g;;- and g—g are continuous ; hence Q, and therefore the pressure p, can be made

continuous by adjusting the constant of integration, and all the conditions are satisfied,
since every expression entering into the stresses has been shown to be continuous.
We have therefore still to show that our combination makes 0¢/dy or, what amounts

to the same thing, 53;—/ (¢ — xv) continuous. This will follow if there is no discontinuity
in a% (¢ — o) or in é% (% — «v). |
But it is immediately found that, in the case of the irrotational solution of the present

section, ¢ — «v) involves sin 30 as factor and so cannot be discontinuous. On the

0
59
other hand, if we examine the M;-part of the solution of § 6, it is at once seen that
59;) (28, -~ 2wvy) = — (M, 2«T) e,

which is continuous. ,
We may therefore assume, as a solution satisfying all conditions to the present
approximation,

$y = (M, /8«2U) HE (n) + Lo~ jze-n'/z dyz}g—l —_ ,\/; cos %—0/4'\/::;] » - (8.1)

where we have to be careful to take 6 from 0 to 2= and not from — = to + =.
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It will be noticed that this solution does not become exponentially small as we go away
from the tail. It will introduce velocities of order #3/2, which are indeed smaller than
the most important terms in #,, v,, but much more important than the terms in u,, v;.

§ 9. The Removal of the Discontinuity vn the L,-Term.

It is found that no irrotational stream function will remove in the same way the dis-
continuity in the L,-term. We have to look for a stream function ¢ which will have no

discontinuity, but for which gip has a discontinuity of order 1/£. Since, from equation
N

(4.34) we have, when n =0, § 6% = a% , it follows that the function ¢ required should
be such that g-%’ has a finite discontinuity at 6 = 0, 2x.

A function which has a finite discontinuity and which satisfies the equation
2g — 2, 0¥
V2 — 2« 5
is given by equation (48) in “ Forces.” It is
0
Jz (Koecosy + Ky)eesxdy. . . .. ... ... (9.0)
0

In order to get the discontinuity in the form of a reversal of sign at 6 = 0, it is desirable
to take the lower limit of the integral as =. This merely subtracts a constant from the
integral, since

.rz (Ko cos x + Ky) = x dy = =z (Kol + K;Io) = T,
0

by a well-known result in Bessel functions.
Let us write for shortness

f(0,2) = j’ez(K0 cos 0 +Ky)er*?d6. . . . . . .. . (90)
Since f is known to be a solution of the equation

Vi — 2 Of fomw = 0 ;
therefore if

G=e ™. f=e"% . . ... ... ... (9.2)
G satisfies the equation
(V2 —x®)G=0
or '
2 19 , 1 e _
<5z—2+?'é‘z+;35'63“1>(}“0 .......... (9.3)
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Substitute now into the above equation F instead of (, where

9
F= 5 Gdo. .. ... S (9.4)
We find easily g
#F  10F | 19F . 1/3G
5§+2§+§W*F‘zz<5‘6>e=a ......... (9.5)

The right-hand side is a function of z only.
If, therefore, F, (2) is any particular integral of the equation

O, | 10, _p, _ 1(26)
d2 R 0T <86 o=a T 7 (9.6)
then F — F is a solution of the equation
(V2— ) (F—Fo)=0, . . ... ... ... (9.61)
and ¢ ? (F — F,) is a solution of the equation
oy
20 ay. __ ;
VEp—2est =00 L. (9.62)
Take « = 0.
Now, G being defined by equation (9.2), we find that
( éﬁ) — 2 (Ko +
(S5, = +K) .o (9.71)
and the equation for F, is
FF, 1, g Kt K
bt R (9.72)
Thus ,
Yy = &0 L e e —Foe™0. . . ... ... (9.73)

is a possible stream function. We have to show that it possesses the correct type of
discontinuity. '

The form of F, will be investigated more closely a little later. For the present it is
sufficient to note that, Fy being a function of z only, Fye’“*° possesses no discontinuity
in 6, nor do its differential coefficients of any order.

Ifinf= 'rz (Ko cos 6 + K;) e ° 6, we write 6 = 2r — 0/,
then ; ‘
v
f(0) = — j_z(Ko cos 6 + K;) e d6 = — f (0').
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Thus f(2r — 6) = — , 8o that
sze—zcoso‘f(e) de —_— O
0
and ¢, (2r) = — Fye* = ¢, (0), so that ¢, itself is continuous. On the other hand,
ﬂ_g — M 2 08 0 ’ —zcosf f - _ . _a_ 2 COS 0
55 = zsin 6 ¢ Le f.do+f ae(Foe ) . . o . (9.74)

The only term here which can introduce a discontihuity at 0 =2, 0 is the term f.
This changes from - = to — = as we cross the axis of z in the sense of increasing 6.

Now, our previously found I,-term in ¢, (see equation (7.5)) introduced in 84»2 a

disdontinuity from — I 4/' 2r /8«3UE to — 141/ 2n /8«3UE, that is, in % a discontmulty

from — I4v/2r /163U to 1,4/2n/16«3U. Thus the expression

G =21K§§ [e-v”ﬂz-l [lerem < vz> dn + 4\/{“ oo f5 H . (9.8)

8%

gives no discontinuity at n = 0 for either ¢, or =22

We have still to show that ¢, — «xv, and gé (L, — kv,) are continuous. Reference to
: U

the results of § 6 shows at once that this is true of the first term in (9.8), and since the
second term is known to be a solution of

vey, — 2 %2 = o,
or

v.e.,
cg —_— K@z == O,

it must necessarily hold good of the second term also.

Accordingly, the value of ¢, in (9.8) is an integral of our equations which satisfies all
the conditions of continuity, so ‘bhdt the complete form for ¢, is obtained by addition of
(9.8) and (8.1) and gives

\ — (Lay/2/a0) | [ Bty dn + @ av/m) {[lee a0 - 1}
- (M, /8«*U) HE () + te j e dv;} £ y/m cos%e/flx/;;], (9.9)

whence we find, in a straightforward manner,

Lo — w0y = — (I /26U)e™ £ - (M, faeU) [E ()25 — (V//16) cos § 0/ 2], (9.91)
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§ 10. The Form of the Function F.

The form of the function F, exercises an important influence on the final result.
If we revert to the equation (9.6) which is satisfied by F, and write Fy = — K, logz T,
we find easily that

<£l—2§+lf£—1>Kologz=—

2K,
d2 ' zdz z

so that ‘
dZFl ]. dFl F . KO - Kl

-— =

A2 'z dz 2

and, substituting the asymptotic expressions for Ko, K; (¢f. equation (5.0) ), we have

KO__KI

z

= VRR (=3 T ),
when 2 is large. -
Assume for F; the form

L =e 7 V/n[2 (A2 - Az 4 L),
Substitute into (10.1) and equate coefficients of powers of z, we obtain

2A0 =S '_"]'2'

%Ao -+ 4AJ = *f%,

ete.,
where
Ay=—1 A, =+ 3, ete.

It should be noted that this procedure could not be adopted in the case of the original
equation (9.6). For in this case the leading term would contain e¢™* .z %% and if we
assume for F; a series beginning with e™227%, it is found that the term on the left-hand
side in e™*. z7*? vanishes identically, so that the equation cannot be satisfied in this way.

We thus obtain the approximation, when z is large,

Fo=—Kylogz—Vr2e (ke — Zz™ 4+ ..). . ... (102

§11. The Magnitude of the Ly-Term when z is Large.

If we refer to the solution (9.8) for the part of the stream-function multiplied by L,
the first term is of order 1/£ and is exponentially small (in v?) away from the tail.
To examine the magnitude of the second term, we note that, when z is large,

f= Vrz[2 ja (1 +cos B) Cso=Dgo, . . . . ... . (11.0)
approximately, so that :
f= \/zﬂ;j cos 9 .e

VOL. COCXXVIL.—A. Q

\

<2\/zsmg)

— 2z sin? ?-
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110 PROF. L. N. G. FILON ON THE SECOND APPROXIMATION TO
and, remembering that 2 4/2 sin 0/2 = =, and cos 6/2 = ngﬁ, this transforms to
N
— (7 L 2
f— \/2nj E@AR) ey, L. (11.11)
“/52‘*"7)3

where nis > 0, and 0 < 6 < =.
On the other hand, if © < 6 < 2r, 7 is negative, and

‘ 2\/5sin9/2='——-v),\ cos 6/2=—~£/\/€2—l—v)2,
so that , '
f—/m j ' L EETe (11.12)

— $3+.’,2
From (11.11) and (11.12) we have

f=—2vzE (-ﬁ:\) -+ terms of order 1/82. . . . . . . (11.2)
V2
Thus

‘]
ezcosafe-zcosefde

0

0

— g j 0 2¢7" (f12) dy

= —4x {e»“""’zﬂle”zm E (2/v2) oln}/i - terms of order 1/€3. . . . . (11.3)

2 (cos 0 — ’ z2(1— cos [ - . 0 - 0
= g’ Dj et ”)fd(\Qx/zsm—é)/(\/zoos-Q)

On substituting this into (9.8) it appears that, to the first approximation, this part of
the added solution exactly cancels the first term in (9.8), so that, neglecting terms in ¢,
of order 1/£3, the part of ¢, due to L reduces to

by = — Ly V2/r . Foe ) 16U. . . . . . . .. (11.4)
Now from (10.2) the series part of ¥, will lead to terms in ¢, of order
g2 (0s0=1) p=32
that is, of order e "/*/£3, which we have already neglected.
We thus arrive, finally, at the most important I,-term in the form
by = (LyV2/m K,y . €7 log 2) /162U, . . . ... (11.5)
which becomes, when expressed in terms of £ and 7
by = (Lo fd3U) e og (E/2}/E, « « v o v v v (11.6)

neglecting terms of order 1/£% in ¢,.
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§12. A First Alternative Method of obtaining the Ly-Term.

The presence of the logarithmic term.appearing in (11.6) turns out to be so
fundamental that it is desirable to confirm it in other ways.

If we return to the equation (7.01) and consider only the part of Z, mvolvmg L, we
have

Vg, — £ 202 a% . 54’2 (T faT) 5 L L (12.0)

Let us now try to solve this equation, writing
by = €772 (E).

It will then appear that v disappears from the equation on dividing by ¢ and that ¢
satisfies the equation ‘

& qu L1
T —p=—EooLL (12.1)

of which the complete integral is easily found to be
o ¢ :
— (L 4T €2 j log E¢' dE + Cef® j ¢ dE - Det?,

and, since ¢ must necessarily be small when & is large and positive, the constants must
be adjusted so that ¢ reduces to

¢ = (Ly/4T) 05”/2j log £e~¢% d — Cet® j cERJE. L. .. (12.2)
¢ ¢
By integration by parts we readily obtain the asymptotic developments

r eEBJE = ¢ ER(ETY — £ 4 L),
g

s v = () ) 89 (39

so that the more important terms in ¢ take the form

(Ly/4<*U) (log £/8) — CJE,
leading to '
$y = (L /4«3U) e~ (log E/i)——Ce‘"’/z/E e e e . (12.3)

which is identical with (11.6), C being suitably adjusted.
Q2


http://rsta.royalsocietypublishing.org/

A A

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A B

%

JA \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

112 PROF. L. N. G. FILON ON THE SECOND APPROXIMATION TO

§ 13. A Second Alternative Method of obtaining the Ly-Term.

We may, however, arrive at this logarithmic term in yet another and more
fundamental manner. :

It we examine the constant I, (equations (5.43) ), we notice that it contains the
constant d, as a factor.

Accordingly, in (v, + ;) <= 8{1 + (vy + vy) %21 this term can only arise from the d,

terms in u,, v,. It must then come from the expression

deo{@_eggl_@_q@_ci}____ f;ggl ..... (13.0)

whence, using (3.73),

,( — e sin 0. £ [, (81 — 8) + by (0, — Cu)]
) "= | {(1s)
L"J— e Z [(l {(n ‘l" 1) np1 — B Cw} ’+" bn {(n + 1) Sn+1 - %Sn}] J

_0
72

Taking now the equation for ¢, (3.531) and writing

S (13.2)

we find that the corresponding part of ¢,’ satisfies the equation
L' | 198 | 1 3%
o Tz TAe

— ('_ZQ_ S]Il [ {an (Sn+1 - Sn)/z ’l" bn (On - Cn+1)/z}

v I % {“n (;” + 1 Cn-&-l - %On)/z2 + bn (% —]— 1 Sn+1 - nSn)/z2} -

—_ (:2'

(13.3)

The rlght-hand side of (13.3) may be simplified by using the difference equation for

the K,.’s, viz.,
K,z =Kpor — Koo o oo e e e (13.4)

Tt will be found to reduce to

—_ Ed\?—z 2 [an {Un+1 + Un—l - 2Un} "i— bn {Vn+1 + Vn—l - 2Vn}]’ ot (13'5)

where
U,=K,,1cosnb --K,cosn -1 9}

V,=K, ;sinn0 - K,sinn 4+ 1 0] '

It will be observed that the typical equation to be solved is of the form

2t 19t 1t L, K. '
= +z - _}_22 P — ¢, == sin{(n +1) 0 <. . . . (13.71)
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'To obtain the solution of this we consider first of all the more general equation

PG 108 | 1 L, K, ] | ,
e i 7w &' =—="sin{(n +p) 04+¢, . .. (13.72)

where p is any constant, not necessarily integral.
It is easily verified, using the differential equation for the K,’s and the difference

A A

SOCIETY

OF

A A

SOCIETY

OF

formulee .
K, (?) + Kusr () = £ 0K, )z . . . . .. .. (13.73)
that equation (13.72) has a particular integral

| Koasin {(m + p) 6 +}/2>p — D2, . . . . .. (13.74)
upper and lower signs going together. |

We note that when p = 1, which is precisely the case we require, this solution fails.

If, however, we combine it with the complementary function

Kuspsin {(n £ p) 6 +¢}/2 (p — 1),
then a solution is given by the expression
L sin {(n i'p)e+a}<1§ﬂ-1 —K >/2(p———1)
po ) ' = nEp ’
v.e., by ' .
—%sin{n +£1)0 4 <. {K,m logz + %KHI}. .. v . (13.75)
Denoting now the function aali * by H,, we obtain the particular integral of (13.3),
6 =% % [0, (T + Ty — 20+ b (Wara + Woy —2W31 . (18.76)
where ‘
T, = (C, + Cuy1) log 2z + H,.; cos n + 1 6 — H, cos nb .
| ( +1) log " .. (18.77)
W, = (8, + S,;1) logz + H,,,sin n + 1 6 — H, sin b
Thus the vorticity ¢, is obtained without approximation.
§ 14. The Function H, = oK, /on. .

The functions 0K,/on do not appear to have been studied, and it may be of some
interest to develop here certain results which give information as to their magnitude
and form.

If we differentiate the recurrence formula for the K,’s (13.4) with regard to n, we
obtain '

Hn+1 - Hn—l — 2 (K” "f‘ %Hn)/z .......... (14.0)
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Also K, is known to be (and this is obvious from the asympototic development (5.0) )
an even function of #. Thus H, is an odd function of » and

Ho,=—Hu oo (14.1)

Putting » = 0 into (14.0) and using (14.1), we find at once
Hy =Koz, oo o veee e (14.21)
and putting » = 0 into (14.1)
Hy=0.. . . . v v v v v (14.20)

The difference equation (14.0) then enables the successive H,’s to be readily
calculated. Using the recurrence formula for the K’s where necessary, we find

Hy, =2K,/z +2Ko/22, . . . . . . . . . . ... (14.22)
H; = 3K,z + 6K, /22 + 8Ky/z%. . . . . . .. (14.23)

This at once suggests a general form
H,=Ar K, 1/e+ Ap K, /224 ...+ AKofz. . . . . . (14.3)

In order to obtain the equations connecting successive A’s, it will be convenient to
use another recurrence formula, namely,

Kn+1 = %Kn/z - aK”/az; .......... (14:.4:].)
leading to, on differentiation with regard to n,
Hon =K, /z+nH,/z —oH,/oz. . . . .. ... (14.42)

Substituting from (14.3) into (14.42) and expressing oK,/oz in terms of K, and
K,/z by means of (14.41), we obtain

Hypy = (A2 + 1) Kn/z + (2A%-1 + AL ) Kn__l/z2 “+ ...
_I“ (ZPA"~p + A2~p-1) Kn——p/zp+1 '+' v

FomAr Ko/t (14.43)
Hence ) 4
AZ“ =14 AZ—l 1
At =oAL, + AL,
. 2. ;. R EE R > ......... (14.5)
Artl —9p A% - AP,
ARt = 2n A} J
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From the last equation, since A; =1,
Aptt=20.n!l . . o000
The last equation but one of (14.5) then gives

A =2 (n — 1) AT + 21 (n — 1) !
or
A A
2" T(n — 1)1 2" 2(n — 2)

This leads at once to

=1, with A} =0, A2 =2.

At =21 — D! (w4+1). . .. . ...
The last equation but two of (14.5) now gives

At =2(m —2) Ay +2"2*(n —2)!n
or
AN

.
T ) T g1 A=,

whence

........

atl __ on—2 (. g%(”“l‘l)
A} 2 v(n 2).————1.2 .

This suggests the general formula
" e 1) —1)...(n— 2
Ayt —grr (g — ) (LD (M) (0 p{ (n—p+2)

Assuming this, the general equation in (14.5), which may be written

. Ali=2m—p—1) A5, + A},
gives

I _ i +%...(n—-p—|—1)'
20y —p — 1)1 2" (p —p — 2) | p!

The last equation of this set refers to p +1 =mn —1, or » = p + 2, and gives

At _ Az p+2(p+1)...3

2.1! p!
But A7% is immediately obtained from the first of equations (14.5) and is equal to
P+ 2. '
By addition we find

Antt
2t — p — 1) !
___1_l_(p+1)_,_(p+2)(p—{—l)...3_l_”._i_n(n-l)...(n~p+l)

p! p!

_ptHptNE(p=D .. .24+ (@+2)...3+.. . +tam—1).. (n—p+l)

p!
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the sum of which is well known to be

m+Dnm—1)...0 —p-+1)
(p+1)! '

This proves the formula (14.6) for p - 1 if it holds for p, and we have proved it for the
early values of p. As a check it is easily verified that it gives the correct value, n +- 1,
when p = n — 1. ' '

We thus finally obtain the development

Hn = a1 I{n—l/z —I— 2n02Kn—2/z2 + 2 . 4 . nC3Kn—3/z3 + LA
' + 2t — 1)1, 0K 2, (14.7)

the ,C,’s having their usual meaning of the binomial coefficients.
Examination of this shows that when z is large the most important term in H, is the
leading one, so that we may write approximately

§ 15. The Orders of the Terms in C,'.

Denoting for shortness by A2 f (n) the expression
S +1)+f(n—1)—2f(n),

let us examine the magnitudes of the terms in A®*T,, A2W,. It is easy to verify, either
from (14.7) or by differentiating with regard to # equation (5.0), that

Hy=nVrxR2e 27 {l 4 (4n* —5)[82} . . . . . .. (15.0

when 2z is large.
If we now bear in mind that, in the region where all these expressions are not

exponentially small, 6 is always of the order 1/v/ 2, and we develop in ascending powers of
1/z, 0, grouping together terms of the same order, we obtain

A% (C, 4 Cy 1) log 2
=logz[e™* \/2m 27 (271 — 6%) + terms of order e*27%]

= an expression of order ¢~*z~**log z.

A2{H,, cos (n + 1) 6 — H,cosnb}
= 84/7[2 62 ¥ (271 — 0%) + terms of order e~*z™ "

= an expression of order ¢* . 22,
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The second term in A2T, is therefore of order 1/z log z of that of the leading term, and
so may be neglected, when z in large, in comparison with this leading term. '
Similarly we find

A%(8, + 8,,4) log 2
= log 2z [Ge‘z V22748271 — 02)(2n -+ 1) -+ terms of order =% z~57]
== an expression of order e™*27?log z.

A2 {H, sin (v +1) 06 — H,sinn6} |
= 0¢* V/m[227%2 (627" — 20%)(2n + 1) + terms of order ez 7*

= an expression of order e™*27>,

Here again the second term may be neglected, in comparison with the leading term, so
that we may take approximately, in (13.77)

=(C,+Cop)logz . . . . ... v (15.11)
W,=(S,+8S)logz. .. ... ... .... (15.12)

§ 16. Approzimate Expression for '

The results of § 13 give us ¢,, so far as the terms involving d, are concerned, without
approximation.
To obtain the particular integral for ¢,, we write ¢, = €. ¢, in the equation

V2, = 2¢, = 2. ¢y,
V3, + 26 04, [0m + k2, =28,

and, on transforming to variables z and 0,

which now becomes

—I—Q(oosea sin 6 a>

2 +1} W=l (160)

{azz +z 0% +z2662

An exact solution of (16.0) would be difficult. We can, however, easily obtain an
approximate solution by trial. If we substitute

P, =K, .logz.sin (nb - ¢)

and use the differential equation for K,,

?K,  1dK,. /n? v A
R <z?+‘->K"—“0r ........ (16.1)
and the recurrence formulse
dK,/dz — nK, [z =—Kopy oo oo (16.2)
AR, Jdz + 0K,z = +Kogy « v o o oo .. (16.3)
VOL. OCXXVIL—A. : R
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118 PROF. L. N. ¢. FILON ON THE SECOND APPROXIMATION TO
equation (16.0) will give

28, [ii® = — A2 {K, log z sin (n0 -+ ¢)}
+ (K, /2) {sin[(n + 1) 0 + ] +sin[(n — 1) 0 4 ]}
—[(Kyoy + K, ) sin (0 +¢)]/z. . . . . . . .00 (16.4)

" If in the above we write ¢ = = /2, the terms not involving log z on the right-hand side
of (16.4) are

27 [K,(cosn 410+ cosn—10)— (K, , 4+ K,1) cos n0]
= — ¢ *\/m[227% {z7 + 062} 4 smaller terms

= an expression of order e 727,

which is of the same order as terms in the actual ¢,” which we have seen to be
negligible.
Similarly, if we write ¢ = 0 in (16.4), the terms free of log z are
2 K, (sinn+16-sinn—10)— (K,, + K,;,)sin #0]

= an expression of order e?z73,

which is, again, negligible compared with the log z term, being of the same order as the
terms A2 {H,,, sin(n 1) 6 — H, sin n6}.
Accordingly, to this approximation, we have, if

¢y = {K, cos n6 4 K, ., cos(n + 1) 0} log 2,
2%, k? = — A?T, approximately ; and if

$y = {K,sin 06 +K,,, sin(n + 1) 0} log 2
2¢, [k = — A*W,, approximately.

It follows that the approximate value of ¢," corresponding to equation (13.76) is
given by

‘I"Zl = — 2\:‘2 10g 22 {an(C-n + Cn-l—l) + bn (Sn + Sn'l-l)}; L (16‘5)

or, putting in the approximate values and retaining only the most important terms—
remembering 0 is of order 1/4/%,

$y = ——%’22 a,.logz.e* /w2 . 27}
o O(-odo E —z —3
== Vz.e .27t log 2.
Hence -
by = —[agdy V' /2) vl e Mzt loge. o . o L L L (16.6)
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Transforming to our previous co-ordinates &, 4, this gives

ba = — oy V2% ve2) (6" log 4E)/
= (L /4oU) (P Tog BEE + « v o e e e (167

and this agrees with the values already found in (11.6) and (12.3).

It will be noticed that this last solution has now been obtained without having to
adjust any discontinuities and has appeared as a natural solution of the differential
equations.

§ 17. Expressions for the Forces on the Cylinder.

If we consider the rates of change of linear momentum of the fluid contained, at any
moment, between the cylindrical obstacle and a large cylinder enclosing it, of which the
cross-section in the z, y plane is a fixed contour = (ultimately taken as a circle of very
large radius R), we obtain the following results :—

If X, Y are the forces applied by the fluid to the cylinder per unit length, and Xz, Y3
are the total resolutes of the buoyancy of the cylinder and any cavities existing in the
fluid inside X,

XB—X=GZ'+ QL{Z <_1é’ + Q) + 2my ¢ —i-u(lu—l—mv)}ds, (17.01)

Yy —Y =0, 4o L {m<% + Q> — ¢ + v (lu + mv)} ds, (17.02)

where (,, G, are the resolutes of linear momentum of the fluid inside Z.
For the proof of these equations, the reader is referred to § 3 of *“ Forces.”
In the present investigation the motion is supposed strictly steady, so that

G- —o.
Also

~+Q=Q——%(u2—|_—v)2,

° 3

so that :
X; — X = pj (Q + 2mvC - (w2 — o) L muw} ds, . . . (17.11)
=

YB—Y=pL{mQ'—Ql'vC—{—luv-%m(uz——vz)}ds, C .. (17.12)

and denoting by ds, dn the elements tangential and normal to the boundary of X,

lu—|—mv=un‘

W — mu = u,,
R 2
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120 PROF. L. N. G. FILON ON THE SECOND APPROXIMATION TO
Thus (17.11) and (17.12) give
Xy — X = o j(lQ 1 2mvy) ds -+ Lo j(uun —ou)ds . . .. (17.21)
Yy — Y=o j(mQ — 2l ds + do [ (w,+ o) ds. . . .. (1722)
The second integrals may be expressed in terms of disturbance velocities (u’, v') as

follows :—
u="U-+u v =1

w, = —mU +u,”  u, =10+ u,
Thus _

[(uun — vu) ds = Uj u, ds 4 j‘(u’un — v'u,) ds
=U j u,ds + U J (lu' 4+ mo') ds + j(u’uﬂ’ — @’us') ds |
=U { Lun ds + L u,’ ds} -+ L (u'n, — p'us’) ds . . . . (17.28)

But the condition that fluid cannot accumulate inside X gives

junds = jun’ds = 0.

Thus
J.(uun —ou)ds = f(u’u.n' ~ ') ds.
Similarly,
j(uus + vu,)ds =U j(us + u')ds + j(u’us' + v'w,’) ds
and

f u, ds = J(—- mU -+ u,") ds =jusds =1,

where I is the circulation round X, so that

J(uug -+ vu,) ds = 2U1 + J (w'uw, o',y ds. . . . . (17.24)
, s v

Further, we may, in order to avoid solving for @}, express the leading integrals in (17.21),
(17.22) exclusively in terms of {. For

LZQ ds = LQdy — ~Lde

(owing to the one-valuedness of Q)

— [ 429
- L ds ds,
and, in like manner,
| mQds = | 299 g,
3 s 08
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But if we now refer to equations (3.06), (3.07) and take the z and y directions coincident
with those of »n and s, (3.07) gives '

&—2\1%—*—~2uc,
0s

on "
so that . N
L Qds = — Ly (2\: Fri 2u,,,2;> ds . . ... .. (17.25)
j mQ ds = - J' x(2v§§— — 2, C> ds . . . .. .. (17.26)
s x on " 7
and (17.21), (17.22) may now be written
X —X=p J. (2mvc — vaa—c- -+ 23/@%) ds+ 3o j (w'w, —v'uyds, . . (17.81)
b " / b3

Yo=Y =] (202 — om,z - 2lv2;> ds + UL+ 3o | (Wl + ') ds. (17.32)

Finally using

Uy, = 2xlv -+ u,, Uy = — 2my -+ u,
we obtain

X — X5 = 2pv L (y o¢[on — 2y I8 — m¥) ds — 2 Lyun't ds
— 30 L (u'w,” — v'u)ds (17.41)

Y — Y, = 2y L (2kall — @ 3¢ an - 12) ds +- 2 kaun'z; ds
— e L (' + ') ds — UL (17.42)

The equations (17.41), (17.42) give exact expressions for the forces on the cylinder, on
the assumption of steady motion. The first terms on the right-hand side are of the
first degree in the velocities, etc. ; the second and third terms are of the second degree
and were neglected in the original investigation (“ Forces ).

§ 18. Expression for the Torque on the Cylinder.

If we apply a similar calculation to the rate of change of the angular momentum about
O of the fluid which occupies at time ¢ the space W between X and the cylinder, we obtain

N — NN, =N, 4 ... H(py 20Q/ow — oz 30 )3y) du dy

w

=G+ Lp (lu + mv) (zv — yu) ds, (18.0)

where N is the moment about O of the forces a,pplied by the fluid to the cylinder (per
unit length of the latter), N’ is the moment of the tractions applied by the fluid outside
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2 to the fluid inside =, N;, N, . . . are the moments of the forces exerted on this latter
fluid by any hollow vortices. These are clearly zero, since the pressure inside such
vortices may be treated as constant. Also, denoting by W, the whole space enclosed by =

H (oy 0Q [0z — px 0Q/0y)dx dy

w

= [(ey20/20 — o2 20/2y) dw dy
W,
+- total moment about O of the buoyancies of cylinder and hollows

; =p L (ly — mz) Q ds + Ny, say,
so that

| N—-—NB:N'—G—f—p[ {(ly — mz) Q@ — (lu + mw) (xv — yu)}ds.  (18.1)
Now

= | ey + my) —y Qas +may) ds
—(an— Qu_ g, g, 0
__L(ly ma) pds - "‘L{w<lay+lax+2m y)

—y(2l a“+m—- —}—m———)} s (18.2)

from equations (8.0).
The second integral in (18.2) may, on using the equations

o ou

ou , oV __ o ou__
: 50—0—}_5—3}_'0’ ox oy 2
be written
2f [{~m 12 -Hc}x—-{mgg— a”~mtfy]d6
= sz[_wa—s+ y—;;s—}« (le + my) C] ds.
But

I being, as' before, the circulation round X.
Hence

N—No = —2ul— G o[ ty—ma)(2 L) ds

+e j {2v (lz + my) ¢ — (lu + mv) (20 — yu)} ds. . L. .. (183)
3 : .
This may be further simplified (i) by introducing the assumption of strictly steady
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motion, so that G = 0 ; (ii) by taking the contour X to be a circle of radius R, centre

the origin, so that ly —mx =0, le +my =R, lu+ mv = u,, av — yu = Ru,,

ds = Rd6.

We then have , ‘
21
(N — Np)Jo = — oI + j 2vC — uug) R2d6. . . . . . (18.4)

0

Now

uuy = — U2 cos 0 sin 6 + U (u,’ cos 6 — u,” sin 0) -+ u,u,
= — U2 cos 0 sin 6 -+ Uv' — 24,'U sin 6 4 u,'u,’,

2 :
and, since j cos 0 gin 6 d6 = 0,

0

(N —Np)/p = —2I+ rr(QvC — Uv' +2u,’ U sin 6 — u,'u,") R2d0
0
= — 2y +j2"{2v (€ — vy 4+ 24, Usin 6 —u,'u,"} R2d6. . . (18.5)
0 ¢

If now we refer to the equations (3.6), (3.71), (3.72), which give the solution of the
first order, it will be found that the velocities in polar co-ordinates are given by (see
“ Forces,” equations (59) and (60), making the changes of notation indicated by the
footnote to p. 5). -

(U)o = — oo/ + (¢, cos 0 - d; sin 6) /7% - 2 (c, cos 20 + d, sin 260) /2% 4. .., (18.61)

(Ue)g = — do[r -+ (¢ 8in 0 — d; cos 0)/r2 4 2 (c, 8in 20 — dy cos 20)/r3 4-..., (18.62)
(1), = (€/x) f}o[“n {K,+1 cos nb 4 K, cos (n - 1)6} _
) + b, K, sin w0 + K, sin (s +1)6}], . . . . (18.63)
(o), = (€[x) i;o[an {K,41 sinnb — K, sin(n 4 1)6}
" +b,{K, cos (n+1)6 — K, cosnb}]. . . . . . (18.64)

It appears therefore that, even if we consider only the terms (%,)q, (¢s)0s
rr(ur)o (ue)o R2d6 = 2ma, do/"2,
0

and does not vanish. Hence terms of the second degree can éertainly not be neglected
in the expression for the torque, even when we consider only the solution of the first
order. '

§ 19. The Second Approximation to the Forces.

In investigating the magnitudes of the various terms in the expressions for the forces,
it will be desirable to tabulate the orders of the various terms.
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To obtain these conveniently we use the approximate values of ¢, when r (and
therefore £) is large, given by (9.9), as modified by (11.6), namely,

Yo = (Ly/4U) &7 {log (¢/2)} 2
+ (M, /86T HF (1) + Jom || dn} /£ — /% cos 364 x/;;}, . (19.0)

whence, from equations (4.33) and (4.34)

(1)y = — 3,10
— Lyme " log (£/2) /8«3 U — {(M,; /= [«)/64+3U} sin 36 , 7~
- (M, /3257 <e""2 R K dn>r1, .9
0

(u9)2 = 3%/87'
= (L/80) ™% (L — (1 +-?) log 42} &7
+ M \/7;77€/64K3U) cos 16 . ¢~9"2

— (M, /32U) {2141 (1) + e + (179 v [ dn} gL L L (19.2)
¢y = (Ly/8x?U) (2 — 1) e log 4& . €71
- (M, /32:20) {v;e”‘”z (ot — 1) e[ e dn} - (19.3)

retaining only the most important terms.
The orders of magnitude and characteristics of evenness and oddness of the various
terms in w,, u,, ¢ are given in the following table :—

TABLE. (19.4)
Expression. Type of most important term.

() (Ue)y - « + - - - r oo e (19.41)
N e "2 y~%(even functionof 0) . . . . . .. ... L. (19.42)
(w)y « « v« o . e~ "2 gin Or—% (even functionof 6) . . . . . .. . ... (19.43)
W)y o e e e sind 0.07%2 merlogrfr . . . . . ... ... (19.441), (19.442)
e "2 (even function of n)/r . . . . . . . ..o (19.443)

(w)g « v o o .. cos 30.7732, ¢—n"2 (even function of ) log #/r32 . . . (19.451), (19.452)
. e~ (odd function of )/r3% . . . .. ... L. e e e e e (19.458)

Ciov e v e e e e "2gin O 9~% (even functionof 0) . . . . . . .. ..o (19.46)
C . o ... oo M=) e Rlog r. r~3% e~7"/2 (odd function of n) r—3/2 (19.471), (19.472)

In order to make the discussion more intelligible, we shall denote the parts of the
integrals on the right-hand sides of (17.41), (17.42), (18.5), which involve the velocities
and vorticity to the first degree by X,, Yo, No; Xy, Yy, Nj,-and X,, Yy, N, according as
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we substitute in them the values with suffixes 0, 1, 2 respectively, we shall denote the
integrals of the second degree by X,,, Y, N, (p, ¢ =0, 1, 2) the first suffix corre-
sponding to the substitution into the first factor of each term, the second suffix to the
substitution into the second factor of each term.

In the case of the forces, there are two integrals of second degree, corresponding to the
second and third integrals on the right-hand side of (17.41), (17.42). These will be denoted
by one and two accents respectively, so that

01’. = —2p Ly (%)0 G ds,
Yo" =—30p L {Us (Wo)z + 05 ()2} ds.

With the above notation we proceed to examine the forces. Since
Co =0, Xy =Y, =0,

X, and Y, have been calculated in the previous paper (* Forces ”’) and the results
are known to be finite.
For X, and Y,, we note that

10,0
or  2r €8€+n8n>cz’

so that the most important term in 9%, /or is of type
fOR)e " logr.r 2,

where f is a finite polynomial. Hence

e, g0 [0 % G odp — (i 2 ot
.jyayjdﬂ Jla".ar.smﬂdﬂ (r 1ogr)5f(v;)e sin 0 46,

which'vanis}vles unconditionally when 7 is large.
Similarly Jcc %;;72 ds vanishes when r is large.
For a similar reason j m¢ ds and j.lC ds both vanish unconditionally when 7 is large.
Considering next j yl¢ ds, which occurs in X,, it appelars that this is of form
rtlog » jcos Osin 0. (1 —72) e 240,

Now the only important part of this integral is near 6 = 0, where cos 6 sin 6 is
approximately equal to 27 /€ and d0is 2 dv /€. It follows that the integral approximates to

4r*£72 log rjn (I —n?) e "2 dn.

VOL. CCXXVII.—A, S
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The integrand being odd, the integral would vanish in any case; apart from this,
however, it vanishes in virtue of its order, since £2 = 4«r here and the factor outside is
of magnitude (log ) r~—*.

The case of jxlc ds requires special attention. This reduces approxiirnately to

0

2rt{~"log ¢j’ (1 —2?) e "2 dn |

and the factor outside is of order log 7. This does not vanish unconditionally, that is,
in virtue of its order alone, but since j‘n(l — u2) e dy = me ", it is easily seen that

( (1 —n2)e " dn = 0. Theintegral thus vanishes conditionally ; and it follows that,

v —®

since any inverse power of » will ultimately, when multiplied by log r, lead to a
vanishing quantity, the next terms in ¢, must, when substituted into the integral, make
it vanish unconditionally.

Thus X, and Y, both vanish. 4

We now pass on to the consideration of the terms of second degree with one accent.
Clearly we need only examine

’ ’ ’ ’ ’ '
X01 s X02 s Xll ) X12 ’ X21 H X22

and the corresponding Y,,’s, since those with second suffix 0 vanish identically.
Now

J‘yu'nt ds = r? J sin 6.4, .¢.d6,
and '

| J’wu’ntds=72feose.u,'.2;.d6.

Owing to the presence of ¢, a negative exponential factor occurs in every case, so
that we can write, as before, df = 2dn /£, sin 6 = 2y/¢, cos 6 = 1, and the integrals
approximate to

7 ’ ‘

- J nY, C d’n,
K

7.3/2 r

VP V_ur’Z .

The values in the table immediately show that the expressions of type (0, 2), (1, 2), (2, 2)
vanish unconditionally. In the case of type (0, 1) we have to remember that sin 6 is
here 2y /¢, so that (u,), ¢; is of order 1/s2. Hence X,,’, Y,,” both vanish unconditionally.

For the type (1, 1) (%,); & is of order »~32 (odd function of v). Thus X,," vanishes
unconditionally, but Y;," vanishes conditionally—being, however, unconditionally


http://rsta.royalsocietypublishing.org/

JA '\

/ y

A

a
{ )\
L 2

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A \
V. \
b

S

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

THE “ OSEEN ” SOLUTION FOR THE MOTION OF A VISCOUS FLUID. 127

finite, which guarantees that the next terms in the approximation must vanish uncon-
ditionally. TFinally, for type (2, 1) ()5 ¢, is of order log 7 . #~% and the integrals both
vanish unconditionally.

It therefore appears that- this second approximation to the solution introduces no
modification to the forces on the cylinder calculated in “ Forces,” and the simple
expressions for the Drag and Lift, obtained in the previous paper, hold good unmodified.

§20. The Torque as given by the First Approximation.

We proceed to calculate the torque in the same way. The integral of the first degree
(from (18.5) ) is “

72 rw[Qv (¢ — «v') +24,'Usin 6}4d6, . . . . . . .. (20.0)
0 .

and the integral of the second degree is

2 .
— 7'2}' i, dO. ... . . L oL, (20.1)
0
Thus
2m
' Ny, =1 ( [— 2vkv, + 2 (u,), U sin 6]d6,
v 0

where, from (3.6), (18.61) and (18.62)

Vo = ~= a 8in 0/k®r — d cos 8/r + (¢, sin 20 — d, cos 20)/r?,
(%,)o = — ao/i®r + (¢, cos 6 + d, sin 6) /2,
() = — dy/r + (¢, sin 6 — d; cos 0)/r2,
terms in 773, ete., being immaterial.

On substitution, we find ,
Noe=2<Ud;, ... . ... ... .... (20.21)

Noo _ 27'?“0 do/K2 ...... T (20.22)

The term N, leads to the ordinary formula for the torque in the case of irrotational
motion of a perfect fluid
Since ¢, — «v; = 0, N; reduces to

2 . +mr .
| 2(), Usin 036 = rzj 2(u), U sin 6 6.
J0 ~m

If we now refer to (18.63), we see that the above integral contains the usual negati\'re‘
exponential factor. If we then develop (18.63) in descending powers of 7, bearing in mind
that sin 6 d0 = 4% dn/E* approximately, it will appear that we can replace the K,’s in

s 2
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(18.63) by the first term of their asymptotic development, and, further, that we can write
cos n0 =1 and sin n0 = %6 to the same approximation. We then have

() = (V2r[) e E7 (22 + 0B),
¢ having the value (2 (2n + 1) b,) given by (5.23).
Thus _
N, = (8#% 4/2 /xE9) j Ue 2 dy (200 - 0).

The term involving «, vanishes conditionally, the integrand being odd, and the term in
B gives '

N, = (16 v/2r Up/et?) | " e
= 327 Ups2 /164
— omUBJK. o (20.23)

Before proceeding to investigate the terms with suffix 2, let us examine the terms N,
Nio» Nj;.  From these we will obtain what the torque on the cylinder would have been if
the Oseen approximation (what we have called the first order terms) had been strictly
correct.

Since we are here necessarily introducing exponential factors, we may write

3 o]
N, = £ Lw (4,)p (Ug)g d.

8

Thus
Nop = 4 &% . (ao/8x%) r71 Jiw(uo)l dn.

Now, if we treat (u,), as we did (#,);, 1t appears that
(Ug)y = — (a0 \/2?/") e OJE = — (2, \/Z—"/K) e [E2,

and, on substitution, it is found that N,, vanishes unconditionally when r, that is &,

tends to infinity.
Again,
Nio =+ (dy VER[8) (2)r) | e (2 + 08) dn
= 2magdo/K:, . . . . e e e e e e e (20.24)
SO thart NOO + Nlo = O.
Finally,
Nyy = ogm 268 j e (g 4 0B ndn . . . . . . . (20.25)

= 0 conditionally,

the only integral of finite order vanishing on account of oddness.
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We thus have finally, for the resistance torque on the cylinder, as given by the first

order solution
(N —Np)/e =—2v1 4+ 22U0d, +2nUp/e®. . . . . . . (20.3)

The last term in (20.3) has an interesting physical interpretation.

It can be shown that the rotational terms of the first order give no circulation
round X. '

For such a circulation would be given by

2 — )
J= L T(Ue)y 8 = — (a9 v/ 2m /i2E) S e~ "2y dn '
= 0. e e e e e e e e (20.4)

If, however, we take the development of (u), one step farther, we find that

‘ ()1 = — (2V/2r i) €™ g [E2 4 B (1 + #?) %}
and
= j0"72 (e 40 = — (‘/2—”/4"3)J_w (ooEne™™" A= B (L +2) €777 dl
=—mB, . e (20.5)

so that rJ tends to a finite limit, where J is the circulation across the tail.
This gives for the torque the expression

(N —Np)/p=—2v1 4 2xUd, — 20 (+J). . . . . .. (20.6)

The constant d;, however, will depend on the attitude and shape of the obstacle, and is
not necessarily the same as the corresponding constant in the irrotational motion of a
perfect fluid past the same obstacle. ‘

§ 21. The Second Approximation for the Torque.

We now examine the terms in N involving suffix 2, and it will be convenient to begin
with the terms of second degree.
Examination of the table (19.4) shows that :—

(4,0 ()2 18 of order »~%2 or log . ¥=%/2, so that when r is large Ny, = 0.

()1 (), 18 of order e~/ . y~2 or ¢™"* log r. #72; in this case, owing to the presence
of the exponential factor, we can restrict the range in 8, and d6 = 2dn/t = dn/+/kr,
which gives an additional factor »~*/2, so that N,, vanishes unconditionally.

()2 ()5 i of order e~ (log 72 #=%2, or e~ (log ) #~** or smaller orders. Tt is at
once obvious that N,, vanishes unconditionally.

(%,)s (us)e is of order ne~"'2log r/r2, or ¢~ /r2, or sin $0r=°2 and, since d6 = dv//xr
when the exponential factor is present, N,, vanishes unconditionally.

(4:)2 (%), has its most important terms of type

e " sin 6 sin 36 . 772, ne " log r.sin 6 . 7732 77 gin 6 %2
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In virtue of the fact that 0 is of order »~* (since the negative exponential factor is
throughout present) the first of these leads to an integral vanishing unconditionally. The
second does likewise, writing sin 0 = 4/1/«r, d0 = dx/4/«r, and so does the third. 'Thus
N,, vanishes unconditionally. ,

Accordingly, the whole of the terms of the second degree really contribute (havingregard
to the results of § 20) nothing to the torque on the cylinder.

There remains the term N, of the first degree. This is given by

N, = s j:"[m (% — kv5) 4 2 (u,), U sin 6] 6.

It we consider first the integral
2v j (8 — xwy) 2 d0
’ b

and refer to equation (9.91), we find, from the last term in (9.91),

2

— (M7 [644c7) 72 j "osd 640 . . . ... .. (21.0)
0

This happens to vanish (conditionally) ; and, as it refers to a part of the solution which
is exact, we need not enquire about the next term in the approximation. In any case,
if a term of this type occurred when terms of lower order in & are included, it is clear
that such a term would be of order at least one lower in £ than the one here retained, so
that it would lead to an integral of order zero in 7, which would at most be finite.

The other terms in (9.91) lead to

— (L /sz)j PE~9%~ "R 49 = — (L, /1614) r e dy = — 1/2r Ly /166t . (21.1)
= — 0o

and .

(M, /4 %) L7~2£‘3E () @0 = (M /32 [ E(n)da=0... ... (212

Both these are of order zero, so that any succeeding terms would be of order 12 at most,
and so negligible.
Coming now to the integral

J 2U 72 (u,), sin 646,
=

we take our value of (u,), from (19.1).
The middle term in the right-hand side of (19.1) leads to

= 2m
— (M, A/7/32%) #2 | sin 30 sin 646, . . . . . . . . 21.3)
o 2

and this vanishes conditionally, the same remarks applying to it as to (21.0) above.
The last term in the right-hand side of (19.1) leads to

(M /166) [ 7 sin 08 <e-ﬁ’ e [(em dn>. ..... (21.4)
. _
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This is of order zero, so that the next approximation is negligible, and it vanishes
conditionally, owing to the oddness in 7 of the integrand.
Finally, we have, from the Lj-term in (19.1),

(Ly /4x3) J.’”‘“ e " log $£ . sin 0 d0

= (L faset) j 2o dvg) . (log 1£)

= (L, V2r/act) log 46, . . . . . .. .. . (2L.5)
This not enly does not vanish, but becomes logarithmically infinite when £ (¢.e., 7) becomes
infinite.

Tt will be clear from the discussion which has been given that none of the other terms
retained can possibly cancel this, as this is the only term which does not give a finite
result. Moreover, bearing in mind that the next terms (which have not been retained)
are of order at least one higher in 1/Z, 7.e., 1/r}, it also appears that the terms neglected
in the course of the present second order approximation could not possibly give rise to
terms in the torque of such magnitude as to cancel (21.5).

It would therefore appear that this method of approximation necessarily leads to an
impossible result.

§ 22. Discussion of Reasons for Failure.

The possible explanations of the appearance of the physically inadmissible result of
the last section appear to reduce to four :—

(i) That if the method of approximation adopted were continued so as to include
third and higher order terms, a term would arise which would cancel (21.5).

(ii) That the particular integrals selected for ¢, ¢, in §§ 6, 7 are unsuitable and that
other particular integrals would lead to an admissible result.

(iii) That steady motion of the type postulated is in this case impossible theoretically
(apart from the question of its stability).

(iv) That there is a fundamental vice in the method of approximation adopted, and
that (wy -+ u;, v, + v;) do not supply a sound first approximation for further
developments.

A little consideration of dimensions will show that (i) must be dismissed. For, apart
from the improbability that such third order developments could provide a term of
sufficiently high order in »—and 1t must be remembered that the objectionable term is
really of so low an order of infinity that almost any reduction of order will cause it to
vanish —there is the further consideration that terms of the third order will involve the
constants a,, b,, ¢,, d to the third degree. Any wlentical linear relation between such
terms and a term of the second degree in the same constants, such as the one in question,
is clearly impossible. Yet, since these constants are all arbitrary and independent, such
a relation, if it existed, would have to be identical. Similar reasoning applies to fourth
and higher order solutions.
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It also appears that (ii) can hardly be accepted as an explanation. In the first place,
we note that this particular integral has been arrived at in three entirely distinet ways,
all of which have led to the same result. 'This, in itself, would not be mathematically
conclusive. But if the logarithmic term which causes the trouble could be removed
by selecting another particular integral, it would follow, by taking the difference of the
two particular integrals, that a complementary function would exist, satisfying all the
conditions of continuity and containing, unbalanced, the logarithmic term in question.
Such a complementary function would necessarily lead to a solution of first order. Now
the solutions of first order, which satisty the necessary conditions of continuity, have
been carefully enumerated in the paper referred to as ““ Forces,” and such a solution
involving log 2 is not among them. Solutions of the equation

oC
2y 22
V¢ QKa

involving log z do exist, but they all involve discontinuities or many-valuedness in 6.

(Coming now to (iil) the reasons against this have already been given in § 2. It would
amount to a difficulty analogous to that of STokEs when the inertia-terms in two-dimen-
sional motion are neglected. A difficulty of this class appears to be inherent in the
approximate type of equations selected, and one can hardly admit that it is essential to
the physics of the problem. Stoxes’ difficulty disappears if we replace his equations
by those of OsrEN, and there seems no reason to doubt that the use of more exact equations
would remove also the present one. Looked at from this point of view, (iii) is largely
identical with (iv).

We are thus almost inevitably driven to the conclusion (iv), that the method of
approximation is unsound. Now examination of the expressions (19.1), (19.2) will show
that the most important terms in our second approximation for the velocities are, in fact,
of smaller order than the most important terms in the first approximation.

Thus away from the tail the most important terms of second order are of magnitude
r~37, those of the first order of magnitude »'; in the tail the most important terms of
second order are of magnitude (log »/r), those of the first order of magnitude »*. There
1s thus, so far as we have gone, no apparent failure of convergency.

The approximation appears to fail in virtue of its having been applied to the terms in
g, do In the first order solution. We cannot get over the difficulty by making a,, dy = 0,
for «y = 0 would cause the drag to vanish, and d, = 0 would cause the lift to vanish
(see ““ Forces 7).

It seems probable that our first order solution based upon equations (3.42), (3.52)
(which we may refer to for brevity as the *“ Oseen " solution) fails in some way to take
account of effects which should be included at the very start, and that the true  first
order ” solution should be based upon a closer approximation to the actual motion at
a great distance.

An analogous difficulty which occurs in the Lunar Theory has been referred to in § 2.
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§ 23. Proposed New Fundamental Equations.

Since the difficulty has arisen over the terms in «,, dy, which give the most important
irrotational terms when 7 is large, the following modified line of attack suggests itself.

Instead of writing
w="U+u

V=1

u=(U—|—u0)+u’}

0=y + v

let us write

where u,, v, are the velocities due to a,, do. 1f the Oseen solution gives any approxima-
tion at all away from the tail, then ', ¥" should now be, in general, of very much smaller
magnitude than before.

If we assume steady motion, we find as before

0Q ot
‘a—ac—+2\'é§ —-2’0c,

Q9,3 _ _
—3;3-/' 2v aw Q’MC,
and
o¢ ot
2y __
‘vVC ua + v ay

¢ involves only «’, v, and if we now neglect terms of second order in «, ¢/, we have, for the
fundamental equation for the vorticity,

W = (U —+ uy) %i- T v, g—; ......... (23.1)

or, writing U = 2v« as before,

v (V2L — 2k 0% /0x) = uq 0§ [0x -+ v, 0% [0y
= (%) 0801 —+ ()0 O0CjrdB
— (ag/x?) 0¢[ror — d, 0¢/r*06,

oi', writing for shortness a,/k®v = ¢y, dy/v = ¢,, we have

27 __ 8?; 91 08 gz_a_§
Vo2 Bl L (23.2)

The differential equation (23.2) does not seem to have been studied. It will be
necessary to investigate its solutions before apphcatlons to the problem of viscous flow

can be made.
VOL. CCXXVII.—A. T
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Such an investigation will not be attempted here, but it may not be without interest
to note the following indication of the type of solution which may be expected :—
(23. 2) may be written

azt: (L+g)ot L/t ov (il
o+ . 1 = + = (802 a_> e (23.3)

and writing « = hx', y = hy', r = k', this becomes

RIE R

°
or'? 7

22 g o o
aez+2 ) whir, ... (234)

which is of the same form as (23.3), with «% written for x. Since # may have any value,
we therefore lose no generality by assuming « in (23.3) to be very small.
If we now assume a solution in ascending powers of «,

C = Ty 4 1l 4 1oy 13Ty oot o ... (23.5)

we obtain the series of equations
\:) Zg _l ]. —{_‘ 91 aZ 182Z0 a_-Z_(_) . 2 0
P . +¢2\802 g2 ae>—0, ..... (23.50)
Zy 149 ch Py 0l 9Zq 23.51
= T +¢2(862 ; 2ae> 28% .. .. (28.51)

ete., from which Z,, Z,, Z,, etc., may be successively determined.

If in the first equation we write
' Zo=TRye™, . . . . . . ... ... (23.6)

where R, is a fuﬁction of r only, we obtain
A*Ro[dr? -~ (1 + ¢,) dRyfrdr + (— n? + ing,) Rofr? =0, . . . (23.7)

of which the solution is known to be of the type

Ro=1% v v v vve .. (23.71)
and we have ‘
PH+gp—n+mg=0, . . ... ... (23.72)
leading to _ _ .
p=—13g e, .. ... (23.73)
where
p.2cos2a, =n2+g%/4 . . . ... (23.74)
P2 8N 2, = Nfae . . . e e e . (23.75)
We thus obtain, as a typical solution for Z,,
Ty = p— ¥ty 05, C;)If {ne F p, sin a, log 1"} ..... (23.8)
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There is always one of the two alternative forms which tends to zero, and one which
tends to infinity, with 7. For since

e.2 cos? a, — g2 /4 = n? + p,? sIn? «,,

it follows that p, cos a, is always numerically greater than }g;.

In the case of the solution which tends to zero when r tends to infinity, the vorticity
will decrease according to some (non-integral) power of ». We note that the loci { =0
turn out to be a series of equiangular spirals

n® F p, sin «, log r = sw 4 const. (s = integer),

giving a perlodlcltv in log 7 for a given value of 6.

The complete solution for Z, will be obtained by adding such solutmns corresponding
ton=1,2,3,.., ete.

Z, will give the vorticity in the case « = 0, that is, for an infinitely slow stream or an .
infinitely high viscosity. The successive terms Z;, Z,, etc., obtained from (23.51), etc.,
will, of course, modify this solution, but it seems possible that a certain periodicity in
log » may persist. This appears suggestive in view of the known fact that a sequence of
more or less discrete vortices are known to be formed behind such a cylinder, although
the motion in the actual case is, of course, not steady.

In any case it is suggested that the functions defined by the differential equation
(23.2) should be examined and studied by the pure mathematician, and that this differ-
ential equation might eventually replace OSEEN’S equation as the basis of an approximate
treatment of the problem of motion of a stream of viscous fluid, slightly disturbed by a
cylindrical obstacle.
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